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Abstract-In this paper theorems are proved that are similar to a theorem of Ky Fan stated below. 
Let C be a nonempty compact, convex subset of a Banach space X and f : C + X a continuous 
function. Then there exists a y E C such that 
IIy - fyll = d(fy,C) = inf+ - fvll : = E Cl. 
Several fixed point theorems have been obtained. 
The following famous theorem due to Ky Fan [1,2], has important applications in nonlinear 
analysis, approximation theory and minimax theory. There have been several extensions of this 
theorem in recent years [3-51. For terminology, one should refer to [6] and [4]. 
THEOREM A. Let C be a nonempty compact, convex subset of a Banach space X and f : C + X 
a continuous function. Then there exists a y E C such that 
lly - fyll = d(fy,C) = infilla: - fvll : z E (2% 
We need the following definitions. 
Let X be a normed linear space and C a nonempty subset of X. An element y E C is called 
a best approximation to 2 E X if 
112 - yll = d(x,C) = inf{lla: - zll : 2 E cl. 
We denote by 
P(z) = {% E c : 112 - %[I = d(z,C)} 
the set of best approximants to I. If P(x) contains only one element for every x E X, then 
C is called a Chebyshev set. If C is a closed, convex subset of a Hilbert space H, then C is a 
Chebyshev set and P is nonexpansive [7]. 
We prove the following. 
THEOREM 1. Let C be a compact Chebyshev subset of a Banach space X and f : C - X a 
continuous map. Then there is a yo E C such that 
IIYO - fvoll = d(fYo,C). 
In case fyo E C, then f has a fixed point. 
I wish to thank the referee for comments that improved the presentation of this paper. 
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PROOF. Let P : X + C be the best approximation map. P is continuous since C is compact 
and Chebyshev. Now, P o f : C -+ C and has a fixed point, say yo E C with Pfyo = yo. This 
gives 
IIYO - fvoll = d(fYo,C). 
We get the following result as corollaries. 
(i) If f : C -+ C then f has a fixed point. In this case d(fyo,C) = 0 and so yo = fyo. 
(ii) If f(aC) C C, then j has a fixed point. 
Let fxo # 20 for 20 E dC and seek a contradiction. In this case for z. E dC, and f (K’) C 
C, then fxo E C so d(f xo,C) = 0 gives x0 = fxo (if x0 6 K’ then a neighborhood of x0 must 
be inside C and then another point will also be a nearest point to fyo contradicting that C is 
Chebyshev). 
We state the famous theorem due to Edelstein [8] which extends a fixed point theorem for 
nonexpansive mappings. 
EDELSTEIN'S THEOREM. Let C be a closed and bounded convexset in a uniformly convexBanach 
space and suppose that f is a continuous mapping of C into itselfsuch that for each x E C there 
is a positive integer N = N(z) such that, for all integers n 1 N and for all y E C, 
If”(z) - f”(Y)11 I Ilf”-w - f”-‘(Y)II. 
Then f(t) = < for some < E C. 
We prove the following result in uniformly Banach spaces. 
THEOREM 2. Let X be a uniformly convex Banach space, C a closed, bounded, convex subset of 
X and f : C -+ X a continuous function. Let P be a best approximation operator from f(c) 
to C satisfying the following 
II(P 0 fh - (PO f)QI I II(P 0 fF1x - (PO f)h-lYll> 
for aJJ integers h > n and aJJ y E C. 
Then there exists a u E C such that 
IIu - full = d(fu,C). 
PROOF. Using Edelstein’s theorem, the proof follows. 
REMARK. Here we do not have j as a nonexpansive map and, since X is a uniformly convex 
Banach space, P is just a continuous map. 
We give the following example to illustrate Theorem 2. 
Let X = R and C = [0,4]. Take f : [0,4] + R defined by 
f(x) = { ix + 2 ;; : ; 1 . 
Then P o f : [0,4] -+ [0,4] is continuous and has a fixed point, say P o fu = u, u E [0,4]. 
Thus, 
IIu - full = d(fu, K'141). 
THEOREM 3. Let C be a compact, starshaped subset of a Banach space X. If f : C -+ X is a 
continuous map and P o f : C ---+ C is nonexpansive, then there is a yo E C such that 
11~0 - fyoll = d(fyo,C). 
PROOF. Let g = P o f. Then g is a nonexpansive self-map on the compact, starshaped subset 
CofX. 
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Let r, be a sequence of real numbers, 0 < r,, < 1, such that, for n + co, r, -) 1 and define 
gr,Z = Tng3: + (I - rn)XO, (*) 
(CO E C is fixed). 
Obviously, gr, is a contraction for each r,,. 
In fact, 
llSr,X - Sr,YII = p,llgz - SYII + 110 - pn)zo - (I - ~&oll. 
So each gr, has a fixed point, i.e., 
Qr,Xr, = XT.. 
We now show that g has a fixed point. 
Since C is compact, x, has a convergent subsequence, say xri --+ yo. 
Now, 
xr* = TigZ,, + (1 - ri)X0. 
Taking the limit as i + 00, I~, + y,-, , ri --) 1, we get yo = gyo, since g is continuous. Then g 
has a fixed point, i.e., 
PofYo = YO, 
I.e., 
IIYO - fvoll = WYO>C). 
We give the following example to illustrate that, even if f is not nonexpansive, Pof may come 
out to be nonexpansive. 
EXAMPLE. Let f : [0,2] + R be given by 
f(z) = 32 + 4. 
Then f is not nonexpansive. However, 
P o f(z) = P(31 + 4) = 2 for all t E [0,2] and 112 - !(2)11 = d(f(2), [0,2]). 
We derive the following as corollaries. 
Let C be a compact, starshaped subset of a Banach space X and f : C --+ C a nonexpansive 
map. Then f has a fixed point. 
In this case fyo E C and we get a fixed point. 
The following result due to Sehgal and Su [9] is also obtained: 
Let C be a compact, starshaped subset of a Banach space X and f : C + X a nonexpansive 
map. If f(K) c C then f has a fixed point. 
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